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We give here a rigorous deduction of the “hydrodynamic” equation which holds
in the hydrodynamic limit, for a model system of one-dimensional identical hard
rods interacting through elastic collisions. The equation should be considered as
the analog of the Euler equation of real hydrodynamics. Owing to the degener-
acy of the model, it is written in terms of a function g(g, v, ) expressing the
density of particles with velocity v at the point ¢ at time 7. For this equation we
prove an existence and uniqueness theorem in some natural class of functions.
Our main result is the proof that if {P¢, ¢ > 0} is a class of initial states which
are homogeneous on a scale much less than ¢!, and if the corresponding
particle densities tend, as e =0, in the proper scale, to the initial hydrodynamic
density gq(q, v), then, under some general assumptions on the states P and on
Zo» the particle densities of the evolved states at time ¢~ 1, tend as €0 to the
unique solution of the hydrodynamic equation with initial condition gy. The
proof is completed by exhibiting a large class of initial families {P€, € > 0}
which possess the required properties.

KEY WORDS: Nonequilibrium statistical mechanics; hydrodynamic limit;
Euler equation; one-dimensional hard rods.

1. INTRODUCTION

The problem of deriving hydrodynamic equations from the equations of
motion of a particle system is one of the central problems in statistical
mechanics, as is testified by the huge physical literature devoted to the
explanation of its various aspects. It is now possible, in view of the recent
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developments of rigorous statistical mechanics, to face the problem at a
mathematical level for some simplified models of particle interaction.

A previous attempt of a rigorous deduction of hydrodynamics should
be mentioned here, namely, the important paper of Morrey," who was the
first, to our knowledge, to introduce and discuss the notion of “hy-
drodynamic limit.” We shall now briefly describe the ideas involved, having
in mind mainly infinite particle systems, for which one should assume that
the dynamics is well defined.

The specific character of the hydrodynamic situation is that the initial
probability distribution (initial state) depends on a small parameter e,
which characterizes the ratio of the typical microscopic and macroscopic
lengths. More precisely, the initial state should be homogeneous on a
microscale (i.e., the distribution almost goes into itself for translations of
order much less than e~ '), at least for its “essential parameters,” and it
should be nonhomogeneous for translations of order e ~!. In investigating
the dynamics of such a state, since the fact that the initial distribution is
nonhomogeneous appears at a given point only after a time of the order
€1, it is convenient to introduce the change of variables ¢ = er, where ¢
and 7 denote the macroscopic and the microscopic times, respectively. It is
expected that when e goes to zero (hydrodynamic limit) the change in
macroscopic time of the essential parameters of the state will be described
by hydrodynamic equations, more precisely by the Euler equations for a
nonviscous fluid. It is assumed usually that the essential parameters are the
particle density, the average particle momentum, and the temperature, or
any other set of quantities connected with them by a one-to-one transfor-
mation. The assumption that such a behavior actually takes place can be
considered as the foundation of hydrodynamics. Usually it is explained by
saying that locally, in microvolumes of diameter of order much less than
¢!, the probability distribution is “almost” a Gibbs equilibrium distribu-
tion, and, on a macroscopic scale, where a point corresponds to an
infinitely large microscopic volume, only the change in space and time of
the parameters of the Gibbs distribution (which are determined by density,
average momentum, and temperature) has to be taken into account.

Morrey was not able to carry out his program, and in order to get the
Euler equations he was compelled to introduce some assumptions on the
evolution of a large-particle system which, up to now, have not been
proved. In our opinion the difficulties faced by Morrey are of a fundamen-
tal character. Apparently, it is impossible to deduce hydrodynamics without
developing technical tools which allow also to prove the local Gibbs
character of the states. In the simple case in which the initial state is
translation invariant this is equivalent to the foundation of the fundamental
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Boltzmann-Gibbs postulate of statistical mechanics in what is perhaps its
most natural formulation (see Ref. 2). It is well known that this problem is
very difficult and its solution is a task for the future.

Since the situation is so poorly understood, it is useful to consider
some simplified, degenerate, models, which, however, have the unique
advantage that for them the hydrodynamic limit can be submitted to
mathematical treatment. Because of the connection mentioned above be-
tween hydrodynamics and convergence to equilibrium, we can hope to
succeed only in the cases in which we control convergence to equilibrium.
This determines the choice of the model which we consider in this paper,
namely, one-dimensional hard rods with elastic collisions, for which conver-
gence to equilibrium has already been studied in Ref. 3. We remark that
similar motivations led recently to the investigation of the hydrodynamic
limit for some models (perhaps even more caricatural) of stochastic dynam-
ics.(4-9)

In considering degenerate models we must give up from the beginning
the hope of obtaining hydrodynamic equations of the type which is
traditional in physics. In fact the very set of the parameters, the change of
which is described by hydrodynamic equations, differs from the usual one.
Thus in the model of one-dimensional hard rods the equilibrium state is
determined by a function g(v) such that g(v)dv gives the average number
of particles with velocities in the interval (v,v + dv) (see Ref. 3), and
therefore the hydrodynamics will be described by a function g(q, v, t) giving
the macroscopic mass distribution in space and velocity of the “hard rod
fluid” at time ¢. So the picture which appears here is far from real
hydrodynamics and can be considered only as a caricature. Nevertheless
the authors hope that the study of such a degenerate situation may lead to
a better understanding of the real hydrodynamics, in the same way as the
study of deformities in living organisms is useful in understanding the
physiology of normal organisms.

We now describe, omitting technical details, the basic results of this
paper.

We consider the dynamics of an infinite system of identical hard rods
of length d > 0 on the line R!, which move inertially between collisions and
at collision exchange velocities (elastic collisions). The precise definition of
the dynamics in the phase space of an infinite system requires some
additional restrictions on the initial point, which are discussed in detail in
Ref. 3. We consider a family { P<, € > 0} of initial states, depending on the
parameter ¢, ie., a family of probability measures on the phase space of
infinite hard rods on the line, which are concentrated on the subset of
phase space for which the dynamics is well defined. Therefore the initial
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state P¢ induces in a natural way the evolved state P at the microtime 7.
The additional conditions on the initial states { P<, ¢ > 0} for the hydrody-
namic limit are the following. Let ktY(g,v) denote the first correlation
function of the state P€ (i.e., the density of particles with velocity v at the
point ¢). The main assumption is the existence of the hydrodynamic initial
condition, i.e., of a function gy(q, v), smooth in ¢, such that

i (D1 = !
Zl—I)I(l)kPe (€ q, U) go(q, U)s q,0 eR

go has the meaning of a macroscopic mass distribution (in the rescaling
process the particle mass can be assumed to be equal to €). Moreover we
assume that the states P© possess some property of decay of the correlations
at large distances. One might formulate the hypothesis that without an
assumption of this type it is in general impossible to obtain a universal
hydrodynamic picture, independent of the choice of the initial states. The
particular form which this assumption takes in our paper is connected with
the technique of the proof, and is a law of large numbers for some
nonlinear functional on the phase space, which should be satisfied uni-
formly in e. To convince the reader that such a condition is not too
restrictive, we prove in Section 4 that it is satisfied by a large class of Gibbs
states.

Let kf?, denote the first correlation function of the evolved state
P5,. The main result of our paper consists in proving that the following
limit exists:

Hm kLY (e7! = 1), ,0,t ER!
imkp? (€7 'q:0) = g(:0.1), 4.0

and that the limit function g(g,v,?) is, under some general assumptions on
the initial condition gy(g. v), the unique solution (in some class of functions)
of the equation

d d
31 8@ o) T o, g(g00)
a ” 14 Vl
+dgq—{g(q,v,t)[l - deldv g(g,v ,t)}

x [ d' (0= o)g(q." t)} =0 (L1)

with the initial condition g(q,v,0)= g4(¢,v). This equation has to be
considered as the analog of the usual Euler equation for our model.
Equation (1.1) is known to physicists, and in “physical terms” it is
easily derived (see Ref. 7). In order to get an intuitive guideline we give
here in some detail a heuristic derivation of it which clarifies its physical
sense. It is convenient to pass to a modified picture of the motion, in which
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the colliding rods exchange their positions and keep their velocities, so that
in the new picture each particle travels with constant velocity, but from
time to time makes jumps of length 4 forward or backward.

Microscopically g(g, v, f)dv is interpreted as the average density of the
particles with velocity in the interval (v,v + dv), at the macroscopic point
g, and at the macroscopic time ¢. The corresponding total particle density is
given by

7t = d b >
o(¢:1) = [ o 8(g.0.0)

and the average distance between particles “at the macropoint ¢” is given
by [1 — do,(g, ][0, (g. D]~ I. The probability that the first particle to collide
with a particle of a given velocity v has a velocity in the interval (v, 0" +
dv’) will be [ g(q,v, 1)/ 0,(g,D)]dv’. Since the relative velocity is v — ¢/, the
probability that such a collision takes place in the time interval (¢, f + df) is

[1 — do,(q, t)] —log(q, t)[ g(g.v', t)/og(_q, t)]]u — | dv’ dt
=[1-do,(q, t)]_lg(q, o', H)o — v'|dv’ dt

Therefore the average velocity with which a particle with velocity »
moves is

(g, 0,0)=0v+ d[l — do,(q, t)] AlvﬁRldu'(v —0')g(g,v,1)

Therefore the “volume element” of the “hard rod fluid” with velocity v
which at time ¢ is in the interval (g,q + dg), will be at time ¢ + df in the
interval [q + ©(q,v,¢)dt,q + dg + ©(q + dg,v,t)dr]. Taking into account
the law of mass conservation we find the equality

g(g,0,0)dg = g[q + (g, v,t)dt, 0,1 + dt]
X [dg + 6(q + dg,v,t)dt — 6(q,v, tydr)

which, taking into account only the first-order terms, gives the equation

K K 5 il =
a7 g(g,0,0) + g(q,v,2) aqv(q,u,t) + 0(q,0,1) 3 g(g,0,6)=0

which is equivalent to Eq. (1.1).

The paper is organized as follows. In Section 2 we give the necessary
preliminary facts. Section 3 is devoted to the study of the limit equation
(1.1). We prove there an existence and uniqueness theorem. In Section 4 we
prove a theorem of convergence to the solution of Eq. (1.1) under the
hydrodynamic limit procedure. In Section 5 we give examples of families of
initial states for which the conditions of the convergence theorem hold.
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The results of this paper have been announced in short notes.*? The
proof of the results on the equation of higher order announced there will be
published in another paper.

2. NOTATIONS AND PRELIMINARY FACTS

In this section we introduce the basic notations and facts. A more
detailed account of the topics touched here can be found in Ref. 3.

By Z and Z, we denote, respectively, the integers and the nonnegative
integers. By R, and R' denote the nonnegative and negative real numbers.
R'=R'U {+0o0) is the extended real line and R}, =R! U{+c0} is its
positive part. If 4 is a finite or countable set we denote by |A4] its
cardinality. If I is an interval, we denote by |I| its length. Given a set
A CR’, we denote by d4 its boundary, and by 4° its complement R"\ 4.
Given two subsets A4,B CR’ we denote their distance by dist(4,B)
=inf,cy,epllx —y|. For ACR” and x€R" we set x+ 4 ={yeR":
y—x€A), and, for A CR" and t€RN\(0}, A= {yeR: 1"y 4).
Throughout this paper we set exp(—o0) =0, —log0= + o0, and a + o
= + oo for any a € R

The letters N and M denote the configuration space R” and the phase
space R” X R” of a v-dimensional classical particle, v = 1,2, . . . . A point in
N is denoted by g and in M by (g, v), g being the particle position and v the
particle velocity, respectively. If C CR” we denote by M(C) the phase
space C X R” of a particle in the “volume” C. Here and in the following all
subsets of R* and of R” X R” which we introduce are supposed to be
measurable.

Let 4 (resp., .#) denote the collection of subsets Y C N (X C M)
such that for any bounded C C R” the intersection Y N C (X N C X R") is
finite. .4~ is considered as the configuration space and .# as the phase
space of a locally finite particle system in R*. A point ¥ € 4" (resp.,
X € .#)is called a particle configuration (realization) in R”. Given Y € .4~
(resp., X € .#) we shall often call the points g € Y [(g,v) € X] “particles”
of Y (X). The empty set, regarded as a point of .4~ (_#), is denoted by O,
and is called the vacuum configuration (realization).

For x € R” we define the space translation S, on 4~ (resp., .#) by

S, Y={gEN:q—xEY) (SX={(gv)EM:(g—x,0)EXY})
(2.1

Given C C N (resp.,, D C M), weset Yo=Y NC,YEN Xp=XND,
X € 4). By 4 (C) [resp. #(C)], C CR” we denote the configuration
(phase) space of a particle system in the volume C:

HN(C)={(YEN: Y=Y} [MC)={XEM:X=Xcxp}]
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Let .#° (resp. .# %) denote the collection of the finite subsets of N
(M). If C C R’ is bounded, then .#"(C) C 4 ° [resp. 4 (C)C M °]. N°
(resp. .# °) can be written as a union

o= N, (///°=QOM,,) (22)

n=0

where Ny(My) = {®} and N, (M,), n > 1, is the collection of the n-point
subsets of N (M). Clearly, N, (resp. M,) can be identified with N (M), and
N, (M), n > 2, with the image of the set

Ni={(q---»g)EN":1q#qfor1 <i<j<n)

(M;L= {[(qlavl)’ oo (gustn) ] EM™:
(4:,0) #(g;>0) for 1 <i <j<n})

under the symmetrization map IL,:

IL(qp s q)= L=J1 {9:) (Hn[(ql ) o5 (Gas0)] = ,-91 {(q,-,vf)})

The usual topology on N” (resp. M"), n > 2, induces, via the map IT,,
a topology on N, (M,). The Borel o algebra of subsets of N, (resp. M,) is
denoted by €, (Z,). The Lebesgue measure m” (resp. /") on N (M")
induces, via IT,, a measure on (N,,,%,) [(M,, Z,)], which we denote by m,
(1,):

m(d)= Lmn(I;4),  Aed,

[ln(A) = L), 4 e@n}

For n =1 we have € = € (resp. Z, = &) and m, = m (I, = [), where
& and m (& and [) are the Borel o algebra of subsets of N (M) and the
Lebesgue measure on (N, €) [(M, D)), respectively. For n =0 we set mj
(No) = 1 [[(My) = 1].

Let {G,., 7 €R'} be a family of nonnegative measures on the space
(M, 2 ) taking finite values on M (C) for any bounded C C R”. We say that
G. converges to a measure G in the vague topology as 7—> 7, (7, can be
+o0) if for any bounded C C R* and any bounded continuous function
f: M —R! with support in M(C)

lim fMG, (dg X dv) f(¢,0) = fMG(dq X do) f(g,v)

In case G is absolutely continuous with respect to /, this is equivalent
to the fact that for any bounded parallelepipeds I,J C R with the edges
parallel to the coordinate axes

lim G,(IxJ)=G(IxJ)
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The space 40 (resp. .#°) is equipped with the topology of the
topological sum with respect to the representation (2.2). The Borel o
algebra of subsets of .# 0 (resp. .# ®) is denoted by R° (M°). The induced
“Lebesgue” measure on (A4 %, N%) [resp. (.# %, M%)] is denoted by p(\):

p(A)=> m(4nN,), A4eRN°

" 23)
ANAY=D1,(4nM,), Aelm

n=0

The measure element of p (resp. A) in integrals with respect to this
measure will be simply denoted by dY (dX).

Given a bounded C C R, consider the ¢ algebra #(C) = {4 T A4 (C)
14 €N} [resp. M(C) = {4 C #(C): A €M’}]. Denoting by 7. the
projection map Y € A4 > Y. (resp. X € M = X ) the o algebra N,
={a;'4:4eRC)} (M= {7:'4: 4 € M(C)}] of subsets of A (&)
is isomorphic to (C) [I(C)}. We denote by N (M) the smallest o algebra
of subsets of ¥~ (#) containing N, (M) for any bounded C CR’. If
C CR" is unbounded we denote by N, (M) the smallest o algebra
containing N (M) for any bounded C’ C C.

For EC N (resp. EC M)and n € Z, we set

Ap,={(YEN :|YNE|=n} (dg,={X €A :|XNE|=n)})

Consider the topology of .4~ (resp. .# ) in which a fundamental system
of neighborhoods of a given point Y (X) consists of the sets A., (A¢cyp,)
where C C R is an arbitrary bounded set (and B C R’ is an arbitrary set)
such that Y, =0 (X, cxz = 0) and where n=|Y,| (n=|Xcx ). It is
well known (see, e.g., Ref. 10, Chap. 1.15) that .4 (resp. .#) is a polish
space and N (M) is the Borel o algebra with respect to this topology.

An equivalent definition of the o algebra R (resp. M) is that N (M) is
generated by the family of random variables

i YEN Yl (foxp i X €A >[Xeypl) 24

where C CR” is an arbitrary bounded (and B CR* is an arbitrary) set.
Similarly, . (resp., M) is generated by the family {¢&-.} ({§c « 5-}) Where
C’ C C is an arbitrary bounded (and B’ C R” is an arbitrary) set.

Definition 2.1. A probability measure P on (", N) [resp. (#,M)] is
called a configuration (phase) state of a locally finite particle system in R”,
or, shortly, a ¢ state (state). The expectation value of a random variable f
with respect to P is denoted by E,f, the variance by Dpf = E.(f —E pf)*. A
¢ state (resp., state) P is called translation invariant if for any 4 €N
AAePM)and x R’

P(S,4) = P(4) (2.5)
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Given a c state (resp., state) P, consider the measure K, on (4, %%
P
[(# %, M) defined by

KP(A)=f P@EY) 3 x (YY), AR
A YCY:yes?

(2.6)
(K,,(A) =L{P(dX) S (X)), A4 esm")

Xcx :xe#®

Definition 2.2. The measure X, is called the correlation measure of
the ¢ state (resp., state) P. The restriction of K, to (N,,%,) [resp., (M,,
D), n=12,..., is denoted by K{® and is called the n-particle correla-
tion measure of P. If K, is absolutely continuous with respect to u (resp., A)
then the Radon-Nicodym derivative kp = dKp/du (kp = dK,/dA) is
called the correlation function of P; the restriction of k, to N, (M,) is
denoted by k5 and is called the n-particle correlation function.

Note that if a ¢ state (state) P is translation invariant, then its
correlation measure K, is also translation invariant:

Kp (S A)=Kp(4), A€M, xeR

In particular the 1-particle correlation measure K5V of a translation-
invariant ¢ state (state) P has the form

KV = apm KV = a,(m x KV 2.7
27)

where the constant a, € R, is called the (mean) particle density in the ¢
state (state) P (and K§" is a probability measure on R” which describes the
1-particle velocity distribution in the state P). If, in the case of states, KS"
is absolutely continuous with respect to /, then the l-particle correlation
function &SP admits the representation

kS (q,0) = apkiP (v),  (qv)EM (2.8)

where kb = dK"/dm.
In the general (non-translation-invariant) case the 1-particle correla-
tion function k%) of a state P (if it exists) may be represented in the form

kD (g,0) = ap (k" (¢.0),  (g0) EM (2.8)

where a, is a function R' >R, and &V: M- R, is such that [ kS(g, v)
dv = 1. The value ap(g) and the measure with density (with respect to dv)
kL(g, -) are interpreted, as above, as the particle density and the 1-particle
velocity distribution at the point ¢, respectively.

Let P be a ¢ state (resp., state) and C CR* a bounded set. The
restriction of P to 9. (resp., M) induces, via the map 7., a probability
measure on [/ (C), R(C)] [.# (C), M(C)] which is denoted by P, and is
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called the local distribution of P in the volume C. A ¢ state (resp., state) P
is said to be locally absolutely continuous with respect to u (A) if, for any
bounded C CR”, P is absolutely continuous with respect to p (A). It is not
hard to see that if P is a locally absolutely continuous ¢ state (resp., state),
then K, is absolutely continuous with respect to p (resp., A) and the
correlation function k, is given p-a.e. (A-a.e.) by

kp(Y)= /V_(C)dY’ pEY U Y [kP(X) = V//(qul PEO(X U XY
where C C R’ is a bounded set, Y € /" (C) [X € .#(C)] and pt© denotes
the density of P, with respect to p (A).

Let P be an arbitrary ¢ state (resp., state). Since .4 (resp., .#) is a
polish space, for any o algebra 3¢’ C N (P C M) the conditional probabil-
ity P(- | [P(- | D] is regular (see, e.g., Ref. 11, Chap. 1, Section 3,
Theorem 3), i.e., it can be considered as a family of ¢ states (states)
dependingon ¥ € A4 (X € #). Fora given Y € .4 (resp., X € .#4) we
denote the corresponding c state (state) by Py, (- | Y) (Pg(- | X)). In the
case N =N, (resp, M =MW o p) where C CR” is a bounded set,
the local distribution Pg(- | Y)e (Pyp-|X)c) is denoted by P.(-]Y)
(Pc(+ | X)). Such measures play a fundamental role in the definition of
Gibbs states, which we now briefly recall.

Definition 2.3. A configuration potential, or, shortly, a ¢ potential
(resp., a phase potential, or, shortly, a potential) is a measurable function,
V: N O5R (@: . #°>R"Y such that ¥(©)=0 (H(®) =0). Given a c
potential ¥ (resp., potential @), we denote by ¥ (®() its restriction to
N, (M), n > 1. To any ¢ potential ¥ (resp., potential ®) we associate the
energy HY: />R (H?: .#°—>R") given by

H¥(Y)= > ¥(Y), vYeuH?°
rey (2.9)
HX)= > ®X), Xe.4°
xX'cx

Let C CR” be a bounded set. The conditional energy of a configura-
tion YV € #(C) [resp., realization XV € .#(C)] with the external
condition Y@ € #(C¢) [XP € .#(C®)] is defined as the limit

HY(yV|Y®) = lim HY(Y"V|Y/3)

(2.10)
] 1 2N — T4 (] 1 2
(H*(X | X?) = lim H*(XD | X))
where 19 denotes the cube {x=(x',...,x")ER:|x/| <s, 1 <j < »}

and, for any pair of finite configurations Y, Y€ .4 (realizations X, X
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e,
HY(Y|Y)=_ 3 ¥¥)
YCYUY): YN Yy~D
(2.10')
(Foxixp= 3 e
X CXUX4: XNXg#=0

Denote by 4" & (resp., #&) thesetof all Y € 4 (X € .# ) such that
the conditional energy H¥(Y.|Ys) [H®Xowp | Xcesn)] exists and is
finite.

Definition 2.4. We say that P is a Gibbs ¢ state (resp., Gibbs state)
with ¢ potential ¥ (potential ®) if for any bounded C C R’,

i) PAE)=1(P(4E)=1),

(ii) for P-aa. Y € 4 (X € #) the following integral exists:

EN(Y) = dY’exp[ —H¥(Y'| Yc.)]

7O Q.11

=D = ’ _ L] ’
(NC(X) [ X op[ — HOX | X CXR,)])

(ili) for P-a.a. Y €4 (X € 4) the measure P.(-|Y) [Po(- | X))
coincides with the probability measure GV (- | Y.o) [G*O( | Xcesere)]
given by

G A| Yo =53(Y)*1L4Y'exp[—H‘P(Y'| Yee)l,  AERC)
(2.12)
(6O Xeoxp) = E?(X)”de'

X exp[ - HYX'|Xceuw )], A€ EU&(C))

From the definition of the Gibbs ¢ state (resp., state) it follows
immediately that P is locally absolutely continuous and hence, the correla-
tion function k, exists.

There is a convenient formula for the correlation function k, of a
Gibbs ¢ state (resp., state) P:

kp(Y)=exp[ —HY(Y)]kp(Y), Y ENO 213
A ( .
(kp(X)=exp[ - HYX)]kp(X), XeE.L9

where

A

k,,(Y)=LVP(df)exp[~W‘I'(Y,f)}

kp(X)= [ P(dX )exp[ ~ (X, X)]
M
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and WYY, ¥)= HY(Y|Y)—~ HY(Y) (WX, X)= HYX|X) ~ HYX)).

The measure G- |Y), Y € 4(C°) (tesp., G*O(-1X), X
€ . #(C°)) is called the conditional Gibbs measure in the volume C with
the c-potential ¥ (potential @) and the external condition ¥ (X). It will be
convenient to introduce the c state (resp., state) [i.e., the probability
measure on (., N) ((.#,IM))] which is concentrated on the set {¥ € A" :
fcf =Y)({(Xe: )fccxw = X}) and whose local distribution in the
volume C is G(-|Y) (G®O(- | X)). This state is called the condi-
tional Gibbs ¢ state (resp., state) in the volume C with the ¢ potential ¥
(potential @) and the condition Y (X). We denote it again by GV (- | Y)
(resp., G(* (-] X)). The Radon-Nikodym derivative with respect to the
Lebesgue measure p (resp. A) of the restriction of the correlation measure
Kgovo. vy 10 A (C) (Kgeoy. |x) o A (C)) is denoted, as above, by
koo vy (kgeoy. | xy)- In analogy with Eq. (2.13) one can write

kg | (Y ) =exp[ = HY(Y) koo | 7(Y), Y ENO

R (2.14)
(kG(d).C)(. |)§)(X) = exp[ - Hq)(X)]ka,C)(, |)§)(X), X e jo)

In the second part of this section we expose some basic facts about
hard rod dynamics. One of the main points is that it can be given in terms
of the free dynamics, which we now define.

Let us denote by .#’ the set of realizations X € .# such that, for any
r€R!, T°X € # where

TX = {(gv) EM : (g — 10,0) € X} (2.15)

One can check that .#’ €9, and {T°, 7€ R'} is a l-parameter
group of measurable transformations of .#” into itself.

Definition 2.5. The transformation group {T°, r € R} is called the
free particle dynamics.

If a state P satisfies the condition P(.# ') = 1, then the formula
PYA)=P(T2 (AN.A")), AEWM, 1R

defines a family of states { P2, r € R!} which is called the free evolution of
the initial state P (= PJ).

From now on we assume v = 1, and fix once and for all a positive
number d, which will be the length of the hard rods.

It is convenient to give a representation of the configuration ¥ € .4~
(resp., X € .#'), which is based on the particle order. We introduce in the
one-particle phase space M = R! X R! the relation of lexicographic order by
setting (g,v) > (¢’,v") if either ¢ > ¢’ or g = ¢’ and v > v’. Let a € R' be
fixed. For any Y € 4 (resp., X € #) we set n'(Y) = | Y}, 1 oy | (P (X)
= [ Xia 4y ) A0d 1O (Y) = ¥y ] (1O (X) = |X gy i) T Y # O
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(resp., X # @) we can write ¥ = {¢((Y), —[n9(Y) + 1] <j < n{(Y)}
(X = {(q(“)(X) of (X)), —=[n (X)) + 1] < j < n{P(X))}), where, if n( >0,

g5(Y) (4§ ")(X) 0{”(X))) is the lower bound of the set Y, ..,
(Xia+ ooy xa)s if 19 >0, ¢UY) (¢9(X),0'*)(X))) is the upper bound
of the set ¥ _, o (X(_ .4 xr)> and q(”)I(Y) > q(")( Y) ((qj(ji),(X) o(")l(X))
> (gf(X), v(")(X))) for —(D+1)<j< n@ 1 Clearly such a repre-
sentation is unique. We shall call it the canomcal representation of Y (resp.,
X) with origin in a. If @ =0 we shall drop the superscript (a) in the
notation.

Consider the sets

M= (X E M (g (X)— div, (X)) >(g(X ). 0(X)),
—(n_+1)<j<n, -1} (2.16)

Tg={XEM: g (X)>gX)+d, —(n_+1)<j<n, 1)
(2.17)

M = {X el 3 [ga(X)—q(X)—d]=+wifn, = +o0and
j=0

—1
2 [qj(X)—qj_l(X)—d]=+ooifn_=~oo} (2.18)
j=—o

Clearly 4}, #,, #; € M. We shall call .#; the phase space of a
locally finite hard rod system. Note that colliding particles are prescribed to
be in the outgoing position. For later purposes we introduce also the set

Aa={YEN 1q (Y)>q(Y)+d, —(n_+1)<j<n, -1}
(2.19)

which we shall call the configuration space of a locally finite hard rod
system.

For a given C CR' we introduce, in analogy with (2.16)-(2.19), the
sets .#; (C), etc., which are the intersections of the previous sets with
M (C) or N (C).

We describe now how hard rod dynamics can be given in terms of free
dynamics.

For any a €R' consider the map D,: A —> A4, (resp., A — Mj})
defined by

D, Y)y=q(Y)+jd, YeuN
qj( ) qj( )*J (2.20)
(g(DX)= gf(X) +jd  of(DX)=0(X), Xe€.),

~(n_+1)<j<n,
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If (D (resp., #5?) denotes the image of .4 (.#) under D, it is
easily seen that /D = (Y E N, Y, 4, =0) (A" ={X € ‘//{d :
Xia—azxr = 01). The map D, may be considered as a “dilatation” of the
configurations (resp., realizations) around the point a.

The inverse map for D, is defined on A f? (resp., .#§?) and denoted
by C,. It is easily seen that

g (CY)=¢'(Y)—jd, YEN
(¢7(C.X)= g (X)—jd,  of(CX)=v(X), X E.M),
—(n_+Dh<j<n,

2.21)

The map C, can be considered as a “contraction” of the configurations
(resp., realizations) to the point a.
For any X € .# and (g,v) € X we set

X(Lq’v)(fr) = {(¢,0) E X :(¢',v") <(g,0), (g + 10,0) <(¢ + T0,0)}
(2.22)

Xgo7) = {(4>0) EX :(¢,0") >(g,0), (§ + T0,0) > (¢’ + 10, 0)},
reR!

X{ o(r) and X (7) are the “subrealizations” of X consisting of all the
particles whose trajectories intersect the trajectory of (g, v) from right to left
and from left to right, respectively, in the course of the free motion up to
the time 7.

Let .# " C M be the set of all X € .# such that | X, (1) < + o0 and
1X 0 (D] < + 00 for any 7 €R' and (g,0) € M. Con51der further the set
//{ 4 defined by

My ={X € M 1 CX € # " for any (gv)E X} (2.23)

Clearly, both .# ", 4 ; € M. Given X € .#;, (q,0) €M and 7 €R/,
we set

Wx.o () = g + 10+ dny(q,0,7) (2.24)
where
g=4(9X)
9 if Xiy_aq=0
=14, if |X[q—d,q)><R‘| =L Xig-agxr = {(§:0)} and 6 >0
q +d, lf ‘X[q_d’q)le1 = 1, X[q—~d,q)><R‘ = {(4,5)} and 13 < (¥
(2.25)

ny(g,0,7) = ng (¢,0,7) — ng (¢,0,7) (2.26)
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and
i (401 =(CX)G (Dl 17 (go.) =X )G (Dl (227)

The meaning of the objects we introduced is the following. If (g,v)
€ X the quantity n,(g,v,7) gives the algebraic number of collisions of the
particle (¢, v) in the course of the motion up to time 7. In the general case it
gives the algebraic number of collisions of the “(q, v)-test particle” with the
“real” particles up to time ¢. By a test particle we mean here a pointlike
particle which moves inertially between collisions, jumps of *=d when it
collides with a real particle, without affecting the motion of the real
particle, and at collision is prescribed to be in the outgoing position.

Thus, for given X € .#}, v,r €R! we can consider Wy, @5 @ map
R!>R. Given X €.#,, the family of maps wy,,, v €R', 7 €R!,, has
the following monotonicity property: if (¢’,0") € X, ¢’ < g and v’ < v, then
Wy (q) < Wy, (q) for all  €RY, . Likewise, if (¢”,v”) € X, ¢” > g and
v’ > v, then wy ., (¢") > wy, (¢g) forallT & R .

Definition 2.6. The hard rod dynamics, {7, r € R}, is defined on
M by
TéX = {(q,0) EM : q=wy, (§) forsome (,v) EX )}  (2.28)
The motion of a single hard is given by
(9,0) EX>[wy,.(q9)0], TER (2.29)

The following assertion immediately follows from the arguments developed
in Ref. 3 (see Ref. 3, Section 7, Propositions 7.2 and 7.3):

Lemma 2.1. For any X € .#,;, 7 €R', and (g,,0,) € X the realiza-
tion TX is given by

TX = S,D TYC, X (2.30)

go+T0g
where
b=4d- ny(qp,0p7) (2.31)

Furthermore, T°X € .# and the family {7, + €R'} is a one-parameter
group of one-to-one transformations of .#; onto .#;.

Definition 2.7. Given a state P such that P(.#) = 1, we define the
hard rod time evolution {P,, r € R!} by

P(A)=P(T? (AN.#}), AEM reR' (2.32)
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3. AN EXISTENCE AND UNIQUENESS THEOREM FOR THE
LIMIT EQUATION

This section is devoted to a theorem of existence and uniqueness for
the solution of Eq. (1.1). We study here the following Cauchy problem:

a a a ” 14 —1
5 8@ 00+ o5 g(g.00 + d—a—é{gwmn)[l —df do" g(q.0".1)]

Xfwdv’(v = v')g(q,v, t)] =0 (g0)EM, e R! (3.1

with the initial data

g(¢:0,0)=go(g,0), (gv)EM (32)

Given a function f on M and a € R' we denote by S,f the translated
function:

Sf(g0)=flg—av), (gv)EM, acR

Definition 3.1. We denote by .# the class of nonnegative measur-
able functions ¢ : R' > R. such that

jl;ldvqy(v) < 00, jl;{ldvlvl(p(v) < o0

Definition 3.2. Lety € 7. We denote by .7, the class of nonnega-
tive measurable functions f: R' >R, such that
(i) for any fixed v € R! the function f(-,v) € C',
(i) forany (gv)EM
max[ f(4,0),10/39)f(g0)|] < ¥(o)
Denote by & the union (J,e oy -
Given f € 7, we set

o(9)= [ dof(g:0)  4(9)= [ doof(gv),  qER (33

Using the dominated convergence theorem it can be seen that the
functions o;: R' >R, and {;:R'>R' are of class C'. If f € 7, then for
any g € R

max[ o(),(d/dg)oy(q)|] < [ doo(v) (34a)

max[[$(9)) [(4/ 3@l ] < [, doelg(0) (3:40)

In what follows we set 5, = sup, g of(q).
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Definition 3.3. Let f €.%, g, €R!. We denote by A4;, the map
R!'>R! given by
94 ’
A (D =q+ dj{;odq o:(q), gER! (3.5)
It is easily seen that if f € %, then for any g, € R
d
1 <3§Af"]o(q)< 1+deldo(v), g ER'

and hence, 4, is a diffeomorphism of R' onto itself.

Definition 3.4. letfe .7, g € R'. We set

(Ag,f)(g:0) =f((Aﬁqo)_](q)’U)[1 + dof((Aﬁqo)‘l(q))]_]’ (g0) EM
(3.6)
Definition 3.5. Let y €%, r€[0,d "), and let ¥, denote the

class of functions g&.#, with 5, <r. We denote by ¥, the union
Uretoe) y.r» and by & the union (J e 7, -

Proposition 3.I. For any f €. and g, €R' the function A, f is in
&. Hence, A, is a map ¥ > .

Proof. Let f&.7,. Setting g=A, f and §=4,,(q), ¢ ER, we

have
~ ~\\ ’ ' -1
0,(9) = op(G)(1 + doy(§)) ‘<fR‘du¢(o)[1 + de‘do (o )] ., gER
3.7)
Hence, g € 7, with ¢(v) = Y(v)[1 + dfgdv’Y(v)]" ', v € R
Definition 3.6. Let g€, g, €R'. We denote by B,, the map
R!—>R! given by
Byl@) =g = d[ 4o (g).  geR (38)

One can see that for any g € # and g, € R’
0<1-ds, <(d/dg)B,,(q)<1, ¢ER
and hence, B, , is a diffeomorphism of R' onto itself.

Definition 3.7. Let g€ 7, g, €R'. We set

-1

(By,£)(4:0) = ((Beay) " '(@)0)[ 1~ doy((Beo) '@)] > (g0)EM
(3.9)
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Proposition 3.Il. For any g € 7 and g, € R' the function B, gisin
Z . Hence, B, isamapd—>7.

Proof. Letg€¥,.ThenB, g€ 7, withp=y(l—ds,) ' ®

¢

Some comment on the objects introduced so far is in order. For the
“mechanical” intuition a function f € ¥ may be considered as the density
of mass of a fluid on the line Rl This “fluid” is actually composed of
different “fluid species,” labeled by the velocity v. The total mass density
and the total momentum density of the fluid at the point ¢ are given by
o7(q) and {((g), respectively. The map 4, , is a dilatation of the line around
go: each point g is shifted away from g,, at a distance which is equal to d
times the total mass of the fluid between g, and ¢g. A, f is the mass
distribution of the stretched fluid. Intuitively dilatation is obtained by
letting each fluid element acquire an additional volume which is 4 times its
mass. Therefore A, can be regarded as a transformation which for any
mass distribution of a fluid of pointlike particles gives us a corresponding
distribution of a fluid of hard rods with length d. The map B, describes the
converse operation, by which we contract the fluid.

The maps A, and B, can be considered as the continuum analogs of
the transformations D, and C, given by Egs. (2.20) and (2.21).

The main properties of the maps A, and B, we need below are given
in the following proposition.

Proposition 3.lil. (i) Letf € .5 (tesp., g EF), g, ER' and g=A_ f
(f=B,g). Then B, , = (Af,qo)“. . o

(ii) For any g, €R' the map A, is a bijection of ¥ onto & and
A =B,_.

(iii) For any f€ ¥ and a,q,,9, €R":

SoAg,f= Ay Sef (3.10)
where ‘
b=q = (4s,) (91— a) (3.11)
(iv) For any g € 4 and a,¢,,¢, € R
S,B,, 8 =B, S.g (3.12)
where
b= Bsgq(q1t @)~ 4, (3.13)

Proof. (i) Let fe 5, g=A, f. Evidently, B, (4, (qy) = qo-
Therefore, to prove the inequality B, , = (4, qﬂ)_l it is enough to check that
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the derivative
(d/dq) By oAl 9) = [(d/dq)quo(q)][(d/dq) gqo(q)|‘7=’4ﬁqg(q>]

=[1+do(9)]{1 - doy(4;,(9))}
is identically 1. But this follows from the equality (3.7). W

~ The proof of the equality B, = (4;,) ' forg€Z and f=B, g is
similar.

(i) Let again f€ 5, g=A, f Let f'=B, g. Using Definition 3.7
and assertion (i) we have

F(9:0) = g(As () 0) {1~ do[ 4, ()]} (3.14)

From the equality (3.7) we find 1 - dog(Aﬁ qo(q)) ={l+ dog(Aﬁ q(q))}_1
whence, substituting into (3.14) and using Definition 3.4, we get f' = f.
Therefore A, : % - is an injection and B, &5 is a surjection w1th
A, = B, In a similar way we can prove that B, is an injection and A4,
a surJectlon with Bq7 '=A

(i) Let fe.7. leen a,q0,q; € R, let b be defined by (3.11). Set
fiey = S,f- From Definition 3.4 we see that (3.10) follows from the equality

(4g) (4= @) = (410) (@~ b gER (3.15)

From Definition 3.3 it is easy to see that the right-hand side of (3.15)
coincides with ¢ = (4;, _,)7'(g — b), and therefore (3.15) is equivalent
to

8
g—a=qg® + dqu dq' o,(q'), g €R! (3.16)
0

It is convenient to write the left-hand side of (3.16) in the form
(g —b)+(b—a) and regard both sides of (3.16) as functions of the
variable g € R'. It is evident that the derivatives of both sides in ¢* are
the same; hence, to prove (3.16), it is enough to check it [or, equivalently,
(3.15)] for g = ¢q,. But for g = ¢, Eq. (3.15) coincides with Eq. (3.11).

(iv) The proof of (iv) is similar to that of (iii). The only difference is
that the equation

( gql) l(q . b) ( 8a) » ‘]o) l(q) -4 q € Rl (317)

which is the analog of Eq. (3.15) with g, = S,g, should be checked for
g=q,+b.

Our proof of the existence and uniqueness theorem will be based on an
explicit construction of the evolution of the density of mass. One of the
main tools is again free evolution.
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Definition 3.8. Given f € .7, its free time evolution {T)%f, t € R'} is
defined by

TY(g.0) = f(g—vbo)  (g.0)EM (3.18)
It is easy to see that for any f€ ¥ Tf € 7 forallt €R.
We now construct the motion of the points (or “elements™) of the hard
rod fluid. Given g € ¥, (¢,v) € M, and ¢ € R, we set [compare with Egs.
(2.24)-(2.27)]

Uy (9) = g + to + dmy(q,0,1) (3.19)

where

my(q,0,t) = mg+ (¢0,t) — m, (q,0,1) (3.20)
with

mg+ (qavg t) =J;°°dq,fj;t”‘(q’—q)du/ fq(q/’vr) (3.21,_'_)

“(g0.0)= (7 dg [~ o' £, (¢, 321,-
mogon= 1 dg [T fghe) (2L
Jo=Beg (3.22)

Lemma 3.IV. For any g€ and v, €ER' the map u,,,:R' >R’
given by (3.19)-(3.22) is a diffeomorphism of R! into itself. Furthermore
for any (g, vo) € M the following formulas are true:

ug’u,,(q) gq (9) + o+ dm (qo,oo,t) + df gqo(q)ﬂbdq o ofo(q )

gER' (3.23a)
and
(d/dq)ug,v,,(q) = [1 - dog(q)](l + doT’ofo(B&qo(q) + vt)), g R
(3.23b)

where f°=f =B, g.

Proof. Let g €Y. It is convenient to rewrite the quantity m,{(g,v,1)
defined in (3.20), (3.21) in the form

’ (v—0), , o
migo0) = [ do [TV f(g0) (g0 €M (324

Using Definition 3.7 and assertion (iv) of Proposition 3.111, we obtain from
(3.22) that for any g, € R' and all g € R!

f(@0) =G — g+ Byg(q)v),  (40)EM
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Hence, (3.24) is equivalent to

y (G =0, , ro
mg(q, v,1) =f.d0 fq dq fo(q '), (g0) EM (3.25a)
R q
where § = B, , (¢). From Definitions 3.6 and 3.7 it is easy to see that
=gq - dfqdq' o0(4") (3-25b)
9o

Now using (3.25a, b) it is not hard to check that the right-hand side of
(3.23a) coincides with that of (3.19).
From (3.19) and (3.25) we find

(d/dg)uy,, (9) =1+ d[oggs(§ +tw) = 0n(§)]|dj/dq  (3:25¢)
According to the equality (3.7) and assertion (i) of Proposition 3.III,
a(§) = 0,(9)[l — do,(9)]'. According to Definition 3.6, dj/dg =1~
do,(g). Hence, the right-hand side of (3.25¢) coincides with the right-hand
side of (3.23b). MW

Corollary 3.V. For any g€ & the maps ug,v,,,u,tERl have the
following monotonicity property:

Up o, (q") Z Upr. () if ¢">¢q, v"20v, forall 1>0 (3.26)

Proof. An easy check is one based on the representation (3.23a). W

The application

(9:0) > (40, (q)s0),  1ER (3.27)

gives the trajectory of a point in the fluid. The motion of the fluid points
can be seen as a composition of the free motion (¢,v)—> (g + vt,0) and a
space shift g— g + dm,(q,0,1). m,(q,v,1) is the mass of the fluid which
crosses the trajectory of the fluid pomt (g,v) from right to left, minus the
mass which crosses from left to right. A comparison with Egs. (2.29) and
(2.24)~(2.27), shows that the motion of a fluid point (3.27) is the continuum
analog of the motion of a single hard rod.

If the points of the fluid of initial density g move according to Eq.
(3.27), the density of mass of the fluid at time ¢ will be given by the
function %, g:

% 8(9:0) = g(Ugu(q)» ) i Uy () (3.28)

Remark. Note, for later use, that, as it follows from Egs. (3.19),
(3.24), Ug o is smooth in v and in ¢, as well as in ¢, and that from Eq.
(3.23b) it follows that for all g € # the same is true for u_,
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We shall prove that the construction (3.28) does actually provide a
solution of our problem in some class of functions, which we now make
precise.

Definition 3.9. We denote by 7 the class of the nonnegative
measurable functions #: M X R' >R, such that

G h(-,v,-)€ C!for all v ER;

() h(,-,H)ed,, forsomer €[0,d "), somey € 7 and all t € R".

We shall sometimes write A,(q, v) instead of A(g,v,f) to stress that the
function 4 is considered for a fixed value of ¢.

Theorem 3.VI. Let g, € . Then in the class 27 there is a unique
solution, g,, t €R!, of the Cauchy problem (3.1), (3.2). This solution is
given by g, = %, g,, where %, g, is given by Eq. (3.28).

The key point in the proof of Theorem 3.VI is the following result.
Lemma 3.VIl. Let g, €. Then for any (g,,0,) € M and 1 € R’

% 8= SuBy s 10,7 By, &0 (3.29)

o+ vy
where
a= dmgo(q,v, 1) (3.30)

Before going to the proof of Lemma 3.VII we make some comments
on Egs. (3.29), (3.30). They show that in order to get the density of mass at
time ¢, we should fix an arbitrary point (g4,v,) € M, contract the initial
density g, around ¢,, submit the resulting mass distribution to the free
evolution up to time 7, then dilate around ¢, + tv,, and finally shift the
result by dm, (o, vp, ). The evolution of the hard rod fluid is—not surpri-
singly—a continuum variant of the hard rod evolution [see (2.30), (2.31)].

Proof. We set again f° = B, go and g = %, g,. Using Lemma 3.1V
we get

(d/ dgyitg, (9) = [ (4] 4o D=t 0]
= {1 - dago[ug;L,(q)] } Al[l + dogoe(§ +0f) |~ Y
() EM (331

where § = B, [u_ . ,(¢)]. Notice that

’qo[
Az g 10(§ +01) =g — a, (g.0) EM (3.32)

where a is given by (3.30). In fact, from (3.20), (3.18) and Definition 3.3 it
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follows that
[ mg(go,0,7) = Mg (405 00,1) ]

=d d go+ t(v— u)d 0 _d q0+tvd, o ’
" L q' (g0 f%mo 7 ory(q')

o+ H{vg—0)

= AT,"]",qO+wO(qO + m) - (qO + tv) (3'33)

Using (3.33) we see that (3.32) is true for ¢ = u, ,,(q,). Because of (3.31)
the derivative

(d/ dq)A T,Ofo’qo+ Vot (é + tD)

= (1 + dogoe(§ + w)){1 = do, (ug,..,(9)) }(d/dg)ug, . (9)

is equal to 1, and equality (3.32) is proved. W
Writing ug‘ojj,t(q) = (Bgo,qo)_l(tj) and using (3.28), (3.19), (3.31), (3.32),
and Definition 3.7 we find that

gl(gv) = go(( goqo) 1(‘?)’”){1 = do (( goqo) 1(‘?))} )

X[ 1+ dogge(§ +10)] ™"

Fg0)[ 1 + dogge(q +10)] "

TYf%(§ + to,0)[ 1 + dogge(§ + t0) ] -

= Aqo+ont0fO(ATz°f",qo+wo(qA +1),0) = Aqo+mOTzOfO(‘I ~ a,0)

which coincides with the right-hand side of (3.29).

Lemma 3.VIIl. Let g, € & and let %, g, be defined by Eq. (3.28) [or,
equivalently, by Eq. (3.29)]. Then (i) the function g(g,v,?) = %, gy(g,v)
belongs to 2, and (ii) the maps %, : gy € I > %, g, € ¥, t € R!, have the
group property, i.e., for all gy € % and for all ¢,,7, € R

@,l@,o 0= @tﬁ'lo 2o (3.34)

Proof, The first assertion follows immediately from the representa-
tion (3.29) and Propositions 3.1, 3.11 [see also the remark which follows Eq.
(3.28)). To prove (ii) we choose (gy,v,) € M and set fo—- 08 d0=
dm, (qo,vo,t) Furthermore we set g, =gy + oo+ ag, g =%, g0 ' =
B, g and a, = dmy(q,,vy, 1,). According to (3.29)

%, 8= S, A TO 0 U Uy 8o =

ag" " qo+ 1otg

TOI

a, q1+t|uo
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Now, owing to assertions (ii) and (iV) of Proposition 3.111,

f BqIS Aq0+touo San0+tovo fO = S Tt
Next remark that

mgl(q1 ’Do,tl) =‘£|;{1dv/fql+(vo_v)tldq/fl(q',v')

={ dv fq0+('-70"v/)(t0+tl)dql fo(q/,v,)

®! qo+(vo—v)lo
and consequently
ag+ a; = dm,(qo, 09,5 + &)
Hence, owing to the mutual commutativity of the maps S, and T and
assertion (iii) of Proposition 3.1III,

@tl@to g =S,A T?SaOTO 0= S, Aq0+(10+tl)uo+a0Sa0Tt?+tof0

a’tq oy

= Sao+a,Aqo+(t0+zr1)o0 ,+t0f0
which, according to (3.29), coincides with %, ., g,. W
Now we can give the first part of the proof of Theorem 3.VI.

Proof of Theorem 3.VI. Existence. We shall show that the function
g(q,0.1) =%, g, given by Eq. (3.28) is a solution of the problem (3.1),
(3.2). The initial condition (3.2) is obviously satisfied. Furthermore, because
of assertion (i) of Lemma 3.VIII, in order to prove that Eq. (3.1) is satisfied
by the function g for all z € R, it is enough to prove that it is satisfied at
t = 0. We have

(3/91)g(g,0,1)
= (0/30)[ go(t500.(9): 0)(d/ dg)gey (9) ]
=[(3/39)80o(F 0)g=uz' 00 ][ (0/90) g0, (9) |(d/ dg)ugy . (9)

80 v

+ 8o tge0(9):0|(8/020q)ug  ,(9)
From (3.19)-(3.22) we find that

(8/30)ug,1, ()l —o = —0 = [ dv' (v = v)go(q> )1 = dog(q)] '
(3/3q)u5,}o(9) = 1

(82/010q) g, ()]0 = —d(3/3g) [ dv’ (0= v)go(q. 2)[ 1 = d ()] "

so that Eq. (3.1) is satisfied. Furthermore g € 57 in force of Lemma 3.VIIL
Existence is proved. W
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Proof of Theorem 3.VI. Uniqueness. Given a function i € 277, we
set

vF(gq,0.)=0v+ d[l - doh’(q)]hl‘&‘dv’(v = 0")h,(g,v'),

(g v)EM, teR' (3.35)

and consider the following Cauchy problem:
{ §*(0) = o (*(1),0:1)

7°(0) =

Since # € 57, it is easily seen that for any v € R' the function v*(-,v, ) is
continuous together with its partial derivative 3/dgv*(-,v, ) in the whole
(g, 1) plane. From the general theory of ordinary differential equations (see,
e.g., Ref. 12, Chaps. II and III) it follows that for all (¢,0) € M there is a
unique global solution, ¢* = g5, of Eq. (3.36). Denote by u,, the map

g €ER'>gF, (1), t ER'. Then for all v,t €R' uf,, is a diffeomorphism of
R! onto itself. M

(3.36)

The uniqueness of the solution of the problem (3.1), (3.2) follows from
the following lemma.

Lemma 3.IX. Let g, € < and let h € 7 be a solution of (3.1), (3.2).
Then for any v,z € R

o dd) =ty 0.(9),  qER (3:37)
h(g,0,2) = go( s (q)av)(a/ dqyui,i(9),  gER'  (3.38)
where u, . is given by (3.19).

8o

The proof of Lemma 3.IX is based on the following auxiliary state-
ment.

Lemma 3.X. Let the conditions of Lemma 3.IX hold. Then
(i) for any (¢,0) € M and 1 € R

h(u0,{9)s 0, )/ dq)uito, () = 8o(9>©) (3-39)
(i) for any (q,v) € M and t R’

B.yh =S, TtOquO (3.40)
where g*(r) = u*(q,v,0), a, = q*(t) — g — vt.

We first show how Lemma 3.IX follows from Lemma 3.X. Let go and A
be as in Lemma 3.IX. Given (g,0) € M and ¢t € R, we set g*(¢) = u}?, ,(g),
ff=B *(t)h and f° = = B,go- Using (3.19)-(3.21) and assertion (ii) of Lemma
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3.X we find from (3.35) that
or (g*(1),v,) =0 + deldv’(v = o) (g*(2),v")
=p+ djﬂ;{ldv’ (v — 0T g + vt,0")
=0+ d(a/at)mgo(q,v, 1)

Integrating in ¢ and using again (3.19), we get (3.37). The relation (3.37)
together with assertion (i) of Lemma 3.X imply (3.38).
Now to prove Lemma 3.X we need the following result.

Lemma 3.XI. Let the conditions of Lemma 3.IX hold. Given (g, vy),
(g,v) € M, set g§(1) = wt, .(q0) 4*(¢) = uf}, ,(g)- Then the following equal-
ity holds:

B, ,qg(z)(q*(’)) - Bgo,qo(q) — vl - [q;)k(t) ~ 40— Uot] =0 (341

Proof of Lemma 3.XI. Integrating both sides of (3.1) in v we find
that for all ¢,z € R!

(8/81)0,,(9) + (3/39),,(9) =0 (3.42)
which expresses the mechanical law of mass conservation.
Now notice that for 7z = 0 the left-hand side of (3.41) is 0. Hence, to
prove (3.41) it is enough to check that the derivative of the left-hand side in
t is 0. Using Definition 3.6 we find that this derivative is

o*(q*(1), 0, 1)[ 1 = doy, (¢*(1)} ] — 0*(48(2), v, 1) [ 1 = doy, (43(1)) ]
+d [Ty (3/31)03,(4') + vo = 0 (3.43)
98(1)
Taking into account (3.42) and the equality v*(g,v,1) = [v — dS, (PI[1 —
do, (1~ ! it is readily seen that (3.43) is equal to 0. W

Proof of Lemma 3. X. (i) Notice that Eq. (3.39) is obviously true for
t = 0. Hence it is enough to prove that the derivative of the left-hand side
in ¢ is 0. Setting ¢*(¢) = wy,,(¢) and using Eq. (3.1) we find for the
derivative

[(3/31)R(G0,0)| 5 gty + (8/3G)1(G, 0, 1) 5= gy ] (/39D 9 (7)
+h(g*(1),0,0)[8/3G0*(§ 0. 1) 52 25y | (3/39)*(?)
= ({8/3th(§, v, 1) + 3/3g [ 1(§,0,1)0*(§,0,1) | Y 5= yon)(3/39)g* (1)
=0
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(i) We set, as above f' = Byl o= B,go- We must prove that for

any (¢,v) € M, 1t €R!
f'(g:0)=f(g— vt = a,,0) (3:44)
Since uj,, and B, ., are both diffeomorphisms, their composition
By, s (i, (+)) is surjective. Thus, we can replace ¢ in both sides of (3.44)
by B, .s»(q*(1). After this change of variables and using Lemma 3.XT we
find that the right-hand side of (3.44) is equal to
fO(Bgo "Io(q)’ D) = gO(q’ D)[ - dogo(q)] -
On the other hand, according to Definitions 3.6, 3.7, the left-hand side of
(3.41) is equal to
SOBy, 3o g*(1)-0) = B(g*(1),0)[1 = doy, (g*(1)) ]

Taking into account the equality

(d/dqyut, (9) =[1~ do(9)][1~ day,(¢*())] ™"

which holds, because of Lemma 3.X, we see that (3.44) is equivalent to
(3.39). This proves (i)). W

4. THE CONVERGENCE THEOREM

Theorem 4.1. Let g, € & (see Definition 3.5), and let {P<, ¢ >0} be
a family of states such that

(i) P(A;)=1[where .#; is given by Eq. (2.23)] for all € > 0;

(ii) for any € > 0 the l-particle correlation measure K$? is absolutely
continuous with respect to the Lebesgue measure / on M and the 1-particle
correlation function k§Y has the following properties: (a) for some ¢ € .2
{(see Definition 3.1),

ki2(g,0) < p(v), (¢0)EM (4.1a)
and (b)
lin(l)kﬁ,p (e7'g,0) = go(q,0),  (g:0)EM (4.1b)
>

(iii) for any ¢t €R' and any bounded interval J there are two non-
decreasing functions, r,,,s,,:RY >R such that lim, ., r,,(u) =
lim, ., s, ,(4) =0, and for all e > 0, r €R' and (g,0) eR! X J

P‘[ {leny (e~ 'q, 0,67 "t) — m, (g, 0,1)| > d"lr,,J(e)}] <s,,(¢) (42)

where ny is given by (2.26)—(2.27), (2.25) and m,, by (3.20)-(3.22).
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Then, for any ¢ € R', the measure G; on (M, ) given by
G/(CX B)=eKf) (e7'CX B), C,BCR (4.3)

converges in the vague topology as e —>0 to the measure G, on (M, %)
which is absolutely continuous with respect to / with a density g, = %, g,
given by Eq. (3.28) [which is by Theorem 3.VI the unique solution of the
Cauchy problem (3.1), (3.2)].

Remark. 1t is easy to see that assumption (iii) of the theorem is
equivalent to the following one, which is easier to verify:

@iii’y for any & >0, t €R! and any bounded interval J C R!, the
following relation holds uniformly in (g,0) €R' X J

Zi_l)l(l)Pe(“enX(e_lq,v,e#lt) — my (g, 0, t)|>}) =0 (4.2')

Proof of Theorem 4.1. Let t €R' be fixed. For definiteness we
assume ¢ > 0 (for ¢ < 0 the proof is similar). We should prove that for any
set E C M such that E = I X J, where I and J are bounded intervals,

lim G:(E) = [do dg8(4:0) (44)
80,0‘1

where the map u, , :R'—>R' is defined by Egs. (3.19)-(3.22).

The proof of Eq. (4.4) is based on a lemma which we give below. Let
the intervals 7 =[q’,¢"] and J = [v’,v"] be fixed. From now on we shall
write r and s instead of r,, and s, ;, since ¢ and J are fixed. Choose
two nondecreasing functions B8,6:R., - R such that lim, ., B(u)=
lim,_, ., 8(u) = 0, and, moreover, 8(x) > r(u), u > 0, and lim,_,,, ( 8(x))™!
s(u)=0 (it is clear that such functions exist). Set furthermore /(€)=
[(B(e)) " '(v” — v")], where [ ] denotes the integer part, /(¢) = 2(I(¢) + 1)
s{e), and v; = o' + if(e), J; =[v;,0;,,), i=0,1,...,I(e) + 1. Furthermore
we set

90 (1) = € Yy (4 = 8(€)) (4.52)
2y =€ lugy (q" +8(e)) (4.5b)
V) = g, (g + 8(9)) (4.62)
() =€ ugn (97 = 8(9)) (4.6b)

Owing to the monotonicity property of the maps u g0 v €R! (see Corol-
lary 3.V), we obtain that for any € >0, /() < ¢; (i) and, if € is small
enough, ¢,"%(9) < g, (i), i = , [(e) + 1. Consider the intervals

Ie/\([)___[qlf\e(l-),qzl\e(i)], 1O =[ gV (i), 45 (i) ] (4.7)
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and the sets

(€) ie)
EM= (U %),  EY={J(LYOX J:) (4.8)
i=0 i=0

Lemma 4.2. Under the assumptions of Theorem 4.1 there exists a
IM-measurable set .#5 C .#; such that for any € >0 (i) P(A\M])
< I(e), (ii) for any X € #; the following inequalities hold

X NEY|<|TL,X NE|<|X N E/
where E, = I X J, . =¢ 'L

Proof. Using the definition of the maps wy . [see (2.24)—(2.27)] and
Uy .. [see (3.19)~(3.22)] and assumption (iii) of Theorem 4.1, we conclude
that for any e >0 and i =0,1, ..., /() + 1 there exists an Pi-measurable
set A5, (+)C .#; such that P(A N\ M5, (+))<s(e), and for all X
€ .#§;(+) the following inequalities hold:

IWX,UHI ’Eglt(q{\e(i)) - €_lugo,Ui+1 ,l(eql/\é(i))[ < E_lr(e)
|wX,v,- ,("lt(qZ/\G(i)) - G_Iugo,u,- ,t(€q2/\€(l))[ < E_lr(e)
According to the definitions of ¢;"(/) and ¢, (i) [see Eq. (4.5a, b)],
€‘lu80aﬁi+|yt(€q1/\€(i)) = f_lq' - 5_18(6)
€Yty 0 (€05 (D) = €7 + €7I3(e)
Hence, forany e >0 and i=0,1,...,/(e)+ 1, for all X € .#5,(+)
Wy oare it (415(0)) < €7'g — €7 8(e) + e lr(e) < e’
Wy et (45(0) > €7'g" + €7 18(e) — e ir(e) > 7"

Owing to the monotonicity property of the maps wy . (see the end of
Section 2), the two last inequalities imply that for any € >0 and i =0,
..., (e)+ 1forall X € .#;,(+)

ITLX 0 (I X T <X N (IO xT) (4.9)
Let .#§(+) be the intersection (9" .5, (+). Then
P MINMG(+)) <(1/2)](€)

and for any X € #5(+) and all i=0,...,I(e) + 1 the inequality (4.9)
holds. Hence, for any € > 0 and X € .#§5(+)

|T4,X N EJ <X 0 E/



606 Boldrighini, Dobrushin, and Sukhov

Proceeding in the same way one can see that for any ¢ > 0 there is a set
M5(—=)C A; such that P(AN\A5(=)<(1/2)I(e) and for any X
€.M45(-)

T2, X NE|>|X NEY
Taking A5 = #5(—) N #5(+) we obtain the assertion of Lemma 4.11.
Now pass to the proof of (4.4). First we show that

limsup G () < fj do f . dg gi(g.v) (4.10)

g0, (1)

Observe that in force of Lemma 4.11

KLY, (E.) =£/{(P€(a’X)|T(‘{11Xﬂ E| +£ﬁ\/EP€(dX)|TEd,‘,Xﬂ E|
d d

<J:%(P‘(dX) X0 EN |+ €7 d(q" — q)) PE(MNME
d

< K,&‘)(E,“) +e d|g - q’|i(e)
whence '
GH(E)< eKfP(E ) +d 7 '|q" = q'll(e) (4.11)
Given v € J, we set 5, = ([ (&) " '(v — v")] + 1)B(¢) and
a(v) = g5 (4 = 8(6),  b(v) = vy (9" +8(9))
Then
ie)

kS (E/ %) =,§0L

Because of the continuity property of the maps ,

dqdokiP(e”g,0) = [dv [*Vdg kP (e7'q,
qavkpd(e” g, v) fj"fa((v) qkpd (™ g,0)

for any v € R!

A X T,
00,8
Ima(0) = tioud ) HmB0) = tui(g")

From condition (ii) of Theorem 4.1 and the dominated convergence theo-
rem it follows that

i (D(EAeYy = Ugong")
i eKr (E7) deng;z,,(q') % &u(4:0) *12)
Together with (4.11) this gives (4.10) since lim_,,/(¢)=0 and u, ! (1)

= [, 0. (q) gy, (q")].
The inverse inequality

minfGS(E) > , ,
h‘j; 1Onf G (E) deDLg;,L,,(I)dq 80(9:0) (4.13)

may be proved in a similar way with replacing E," by E,”<. The inequali-
ties (4.10) and (4.13) imply (4.4). Theorem 4.1 is proved. W
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5. FAMILIES OF STATES SATISFYING THE CONDITIONS OF THE
CONVERGENCE THEOREM

In this section we give examples of families of states for which the
conditions of Theorem 4.I hold. The states will be Gibbs states with a
potential @, such that ® =0 for n > 3, and ®{? does not depend on the
particle velocities (see Definitions 2.3, 2.4). These restrictions are not
essential and are used to simplify the technical details.

Let g, € J, for some function ¢ € .7 (see Definition 3.5). We set

V(g:v)= —Ingo(q,v)  (g0)EM (5.1

Furthermore let a function U:R' X R, - R!' be given, with the follow-
ing properties.

Condition 5.1. (i) U(¢,”) = + o0 if 0< r < d, and U(q,r) < + o if
r>d; (ii) there is a constant B > —oo such that U(q,r) > B, (q,7)
€R! x R, ; (iii) there are constants ¢, >0, ¢; > d and x, > 0 such that
|U(g,7)| < cgr =G+ for r > ¢,; (iv) for any r > d the function U(-,r): R}
—>R!is of class C' and |(3/3q)U(g,r)| < c,r~?*" for some ¢, > 0.

Remark. The reader may have in mind the simple case in which the
function U(q,r) does not depend on ¢ €R!, for which the proofs are
simpler.

For a given function p:R' - R! consider the family of auxiliary
translation invariant ¢ potentials {¥,, g € R'} which are given by

@g(%) = const = u(g) —Ino,(9), ¢, € R!

@2({(‘11 ,42)}) = U(g:19: — 4l)» 90 ERL 1 # ¢, (52)

¥ =0, n>3

It is well known (see Refs. 13, 14, and 15) that, given an arbitrary
function p, for any g € R! there is a unique Gibbs ¢ state Q9 = Q¥
with ¢ potential W( o> and Q@ is a translation-invariant ¢ state. We are
interested in a particular choice of the function y which is indicated in the
following proposition.

Proposition 5.I. For any ¢ €R' there is a unique value p(g) such
that the following equality holds:

exp[ — p(9) 15 = (53)

[see Eq. (2.13)]. Furthermore the function u(g), ¢ € R}, is continuous and
bounded from below.
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Proof. Existence and uniqueness of p(q) follow from Ref. 16. In fact,
for any g € R' with o, (¢) > 0 the map

p(q) ER' > exp[ — () [k €[0, (0, (9)d) "]

defines a nonincreasing function of the variable u(g), as it follows immedi-
ately from the definition of Gibbs ¢ state (Definition 2.4). According to
Ref. 16 this function 1s analytic, and hence strlctly increasing with
lim, ;) .+ o X[~ p()IKY = 0, lim, ) - o, €Xpl — W(QIKSRh = [0, (9)d] ™’
> 1. Therefore there is a unique p(g) such that Eq. (5.3) holds. If g, (¢) = 0
we set p(q) = 0, taking into account that k(Q(q) =1 in this case.

Furthermore, it follows from the analyticity result of Ref. 16 and
condition 5.1 (iv) that u(q) is continuous, and conditions 5.1 (i)-(iii) and
Eq. (2.13a) give the inequality

Ko < 1+ exp{ Bl(e,—d)yd~ '+ 1]+ (co/d)fwdrr'(”"*’)} (5.4)

Henceforth the symbol p(g) will denote the value mentioned in Propo-
sition 5.1.

An important property of the ¢ states Q?, g €R!, is that they are
uniformly approximated by the conditional Gibbs states for finite volumes
(see Definition 2.4). In particular, setting

G- |Y)= G(T<q>a1(s’+q/)(. | Y), Y € ,/Vd((l(‘) + q/)c) (5.5)
where 1 =[—s,s], one has

sl}_)ng) Sup Sup |k( (p — G(qsq)( | y)(q )| = (5.6)
geR! Y eN (I +q))

(note that the internal sup does not depend on ¢’). The proof of Eq. (5.6)
follows immediately from the arguments of Refs. 13, 14, and 15.
Consider now the potentials ®_, € > 0, given by

(g1, 0) = w(eqy) + V(eq1,0)),  (q1,0)EM
(I)Ez)({(‘]l 01 (42,02)}) = %[U(G% 19— qal) + Uleqy. g, — 421)1’
(9,0)EM, i=12, (q:,0,)#(q2,0))
®MN=0, n>3

We can now state our convergence theorem.

(5.7)

Theorem 5.1l. Let the potential ®_, € >0, be given by Eq. (5.7),
where the function V is given by Eq. (5.1), the function U satisfies
assumption 5.1, and p is as stated in Proposition 5.I. Then for any € >0
there is a unique Gibbs state with potential ®,, and the family of states
{P*, € >0} satisfies the assumptions of Theorem 4.1.
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Proof. Existence and uniqueness of the Gibbs state with potential @,
may be proved, using condition 5.1, along the lines of the papers of Refs.
13, 14, and 15. Since the necessary modifications involve only a few
technical details, we shall omit the proof.

In order to prove that the assumptions of Theorem 4.1 are satisfied, we
state some properties of the states P€ which are needed. Such properties are
essentially related to the construction of the states P¢, as it is done in Refs.
13, 14, and 15, and may be proved following the same pattern, with the
necessary technical modifications.

Property (A). The states P<, € > 0, are concentrated on the set .#
[Eq. (2.17)], i.e., P(-#;)=1. This property follows immediately from
condition 5.1 (i) and the fact that Gibbs states are locally absolutely
continuous.

Property (B). For any € >0 the 1-particle correlation function has
the form

k5P (¢,0) = go(eg, v)exp[ — u(eq)]lé}(gl) (9) (5.8)
where l€P is defined by Eq. (2.13), and is uniformly bounded:
k§P (9) < RHS of Eq. (5.4) (5.9)

This property follows easily from Eq. (5.7) and conditions 5.1 (i)—(iii).

Property (C). The particle density a,. [see Eq. (2.7)~(2.8)] is bounded
away from d " :

sup ap(g)=a<d’ (5.10)
e>0,gER!

This follows from the condition g, € , from the boundedness of y from
below (see Proposition 5.I), and conditions 5.1 (i)—(iii), which hold uni-
formly in ¢ € R".

Property (D). Setting

G- | X) = GUIH (| X), X e i (IV+4)) (511)
where 1Y =[—s, 5], one has, in analogy with Eq. (5.6),

. A 1 A
lim  sup sup kSO (q) = kSlen | xy(9)] =0 (5.12)
€>0,gER! X .4 (1) + 9))

Property (E). There is a constant ¢ € R, such that the random
variable £, , [defined by Eq. (2.4)] for any bounded interval I and for all
subsets J C R! satisfies the inequality

supDp, ., < || (5.13)
€>0
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This property follows in a standard way from the fact that the uniform
mixing coefficient §(s), s € RL , defined by
8(s)= sup supess(Pc) sup  |PY(A) = Pyueroig(d] X))
€e>050>0 XEH AEMUIED + g)
qER'
is integrable, i.e., [, 8(s)ds < o0.

We pass now to verifying the assumptions of Theorem 4.1.

We start with assumption (i). From properties (A), (C), and (E) above,
using the Chebyshev inequality, it follows easily that P¢(.#;" ) = 1. There-
fore, to check assumption (i) we need to prove that for P*-a.a. X € .# and
all r€R!, (¢,0) € M, the quantities n;(g,v,1) given by Eq. (2.27) are
finite. A simple analysis shows that they are finite for all + €R' and
(g.v) € M, if they are finite when 7 and (g¢,v) belong to some countable
sets which are dense in R', M, respectively [say, for rational = and (g, v)].
The latter fact will be proved if we prove that for any € >0, r €R!, and
(¢,v) € M, the quantities ny (g, v, 7) are finite for P*-a.a. X. To prove this
we shall find two sequences of (proper) random variables {'qji = anu i’
j=12,...} such that lim;,  P*({n{ (g,0,7) < n"}) =1 for any € > 0.

For definiteness we assume 7 >0 and consider the case “+.” The
reader can extend the arguments to the other cases without difficulty. We
set

0= 2 Gy X ELT (5.14)
7~
where
L) =[g9+5()) I =[p-2/+Lo-27""+1)

and

Sj(-])=max[ 11._2ad7]:|7 iy =1,2,...,

@ being defined by Eq. (5.10). For any j=1,2,... and ¢ >0, using
property (B), the uniform boundedness of p from below and the fact that
g0 € & we have

o0
-
Epay” = ZIIEP‘Q(J")XJ(;')
~

o0
< [ dq dv' kS (¢, v")
,21 1G> I d

< const + const't(1 — ad)”' ¥ Zj'f doy(v) <o (5.15)
F= )
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(Here the constants may depend on j). Hence PE({nj+ <w)=1. To
complete the proof we introduce the representation

[>e]
m (0= 2 Mg o) (5.16)
j=
where we introduced the notation

ng s (q,0,7) = |(X(1;’U)(T))[q,+w)><][, J C(—o0,0] (5.17)

We need at this point some simple properties of ny ,(g,v,7) for a bounded
J=la,a,] C(—o0,0]. It is easy to see that ng,(g,v,7) is equal to the
number of values of i € 7!, for which (a) v{?(X) € J and (b) (¢{?(X) —
id + To{P(X), o{?(X)) < ((q + 70),v). This is less or equal to the number of
values of i € 7', for which condition (a) holds and (b") ¢!?(X) — id < g +
T0 — 7a,, which in its turn is bounded from above by the quantity

nf{| X peqxsl 182 0,5 — d|X 04 gupl] > 7(0—a)) —d}

Now, according to the Chebyshev inequality and property (E) [see Eq.
(5.13)], for any ¢,y > 0 we have

€ +s5 ., 7 N
P ({X ed; :‘]X[q’qﬂ]XRn}—fq dqfldv kL2 (', 0| > y}) <§%
q R Y

(5.18)

Therefore, if for some s and y

5 qu+qu/jl;1dD/k§)1()(ql,D/) _ 'Yd > ’T(‘U — al) —d (519)
then

P({X ey nf;(q:.01)>|X, 1, ol)) < % (5.20)

In a similar way one can prove that, if for some s and y

5 — qu-Fqu/jl;ldDrkl(Jl)(ql,D/) + ,Yd < T(U — az) —d (5.21)
then

P({X € M5 1ng,(q,0,7) <|X, 11 onsl}) < % (5.22)

Take now s = 5,(j') + (5;,(;)/%, ¥ = (5,(j))*/*. It is easy to check that for j
large enough the bound (5.19) holds when J is replaced by J(j') for all



612 Boldrighini, Dobrushin, and Sukhov

j=12,.... Therefore
P{((X €M} inf (g.0,1)> "))

< 'ZIPE({X € M 1ty n(407) > Xy iy anl))
=2

<e 50" (5.23)
j’:

The right-hand side of Eq. (5.23) tends to 0 when j— co. This proves
assumption (i).

To check assumption (ii) of Theorem 4.1, observe that inequality (4.1a)
follows from property (B), the uniform boundedness of p from below, and
the fact that g, € &, (¢ can be taken proportional to v). As for Eq. (4.1b),
in view of Eq. (5.3), it is enough to prove that for any g € R
lim 4 (¢ 7'q) = kG (524)
Using Eq. (5.6) and property (D), we reduce the problem to proving that
for any g €R' and s > 0

lim Sup |’€(GI<)‘~S~""’>(- e 'g) — /‘?82“% St o9l =0
O X e (19 +e 'gy)

(5.25)
where Y, = {g €R':(g,0) € X for some v €R'}. Equality (5.25) is veri-
fied in a straightforward way [one uses here condition 5.1 (iv) and the
continuity properties of the functions p (see Proposition 5.I) and g).

It remains to check assumption (iii) of Theorem 4.1, or, equivalently,
assumption (iii") [see (4.2')]. We have to prove that for any y >0, t €R'
and bounded interval J the following relations hold uniformly in (q¢,v)
ER!' X J:

Zi_r)r(lJP‘({len)}: (e_lq,v,e_lt) - mgﬁ(q, v,t)| > y}) =0 (5.26)
[see (3.21)]. As above, we consider the case “+” and ¢ > 0. The reader can

extend the proof to the other cases in a straightforward way. Given
(g,v) ER' X J, we set

by=p[ln(1/9]",  e€@1), p=01...,p(c)={[ln(1/6)]’}
(5:27)

A=(o=b,0=b5],  p=0,1,...,p(e); A=(—00,0— b5y, ]
(527
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Clearly n;(e_lq, v,e )= Z';(i)on;A;(e‘lq,v,e_lt) + ngz(e g, 0,67 0).
We check, first of all, that for any y >0

liil(l)PE({en;ze(e'lq,v,e‘lt)>y})=0 (5.28)
uniformly in (¢,0) € R' X J. To prove this we introduce, in analogy with
Eq. (5.14), the random variables 7% replacing g by € 'g, 7 by ¢ 7'z, and v
by v — by, . Taking j large enough, we can make the probability

P‘({X €My ngx(e'g0,e 1) > mt(X)})

arbitrarily small [see Eq. (5.23)]. Furthermore, since b, = o, i.e, v — by
— — o0, the expectation €E,a* vanishes as €—>0 [see inequality (5.15)].
Hence, because of the Chebyshev inequality, Pe({enj: > y}) vanishes as
€¢—0 for any y > 0. From what we said above it follows that the limit in
Eq. (5.28) is arbitrarily small, and hence is zero. Note that all estimates and
limit relations are uniform in (g,0) € R! X J.

Therefore it suffices to prove that

|

For any ¢ € R' we define the function W, = W, :R), >[¢ g, 0) as the
solution of the equation

lim P*

e—>0

=0 (529

§40] |
€ n)ZA;(e‘lq,o,e_lt) — mg (g,0:7)| > y}
=0

fj;(u)dq’ [1-ap(q)d]=u ueR, -39)

In view of property (C) above, the solution W, (u) of Eq. (5.30) exists and is
unique for all u € R, . Furthermore the following inequalities hold:

u(l—ad)™'> W (u)—e'g>u, ueR, (5.31)
We set
"‘f/’+(€)= M(e"ltbj€+l)—5~1q’ j=0,l,...,p(€) (532)
w (€)= W (e th) — e g, J=12...,p(e .
vH(e)y=[w* (e 3/4, =0,1,...,p(e
() =[w" (9] J (€) (533

_ - 3/4 .
07 (€)={wj (e)] , J=12,...,p(¢)
It is not hard to check that for e small enough the bound (5.19) is valid if

we replace ¢ by €7'g, s by 5%(e) = w;" () + [w*(e)]"/%, v by v, (), 7 by
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€', and a, by v — bf i1 forall j=0,1,. .., p(e). Similarly, for € small
enough, the bound (5 21) is valid if we replace ¢ by €7 'g, 5 by s (€)
=w (&)= [w (% v by v/ (e), 7 by €4, and a, by v~ b’ for all
j= 1,2, e p(e) Hence the estlmates (5.20) and (5.22) give

() () »
P({X = ‘/A/d : 2 g[E qc"lq+s (e)]XA‘(X) 2 nXA‘(€ q,D € t)
Jj=1

p(€)
< Z §lemige q+s+(c)]><A‘(X)])

=0

> 1~ 0(e'/AIn*?(1/¢)) (5.34)
where the right-hand side can be taken independent of g € R' and v € J.
Hence it suffices to prove that both variables 52"(€)|X[E e~ lgt s (9] X A

and €37 [ X1 Ye-grst(o1xyl tend to my(g,0,7) in the sense of conver-
gence in probability, umformly in (g,v) € Rl X J.

Let us consider the “—" case. The other one is treated similarly. Using
definitions (5.27), (5.27"), and (5.32) we see that the limiting behavior of
p(€)

€ pe 2 g[e"q,(‘qﬂf(E)]><Aj~
Jj=1

is the same as that of

—1 )
dD'feWe(E t(”“‘-’))d /k(l) 6_1 ’,D,
fv_m(]/e) i g kp(e™'q,v)

From definition (5.30) and assumption (ii) of Theorem 4.1, it follows that
li_r)r(l)eWE(e'lt(v~ v')) = By g(q + t(v —v))

[see Eq. (3.8)]. Using again assumption (ii) of Theorem 4.1, we conclude
that

p(e)

hmeIEsz - dqu Pudd =g’ g(g',0')

= f_vwa’o"gq * Ko U,)dq’ JACES)

5 (g0.0) (5.35)

Notice that the relation (5.35) is uniform in (q,0) € R' X J.
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Now the Chebyshev inequality together with property (E) gives
o(€) p(e)

PE({ € zlg[e"q,ﬁ-'qﬂj-(e)]xA;(X) - € ZI‘EP‘g[E_'q,e"q+s/’(e)]XAJ‘-
j= j=

~

p(e)

> ¢ [w;(a)]”“})

J

I

< O(e'2In’/%(1/¢)) (5.36)

where again the right-hand side is independent of (g,v) € R' X J. This
concludes the proof of Eq. (5.29). Theorem 5.1I is proved.
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